Introduction to Deep Learning
Calculus behind Backpropagation

Lecturer: Dongyu Yao






Forward propagation (short notation, with bias nodes)

: For input layer: v(® = [x; 1]

’ For each hidden layer l=1:L—1
7 — wlpl-1) nd pW = [w(zﬂ}); 1]

. For output layer:

f — W{L}U{L_l}

. Predict y = f for regression, or y = argmax f; for classification
)




Computing the gradient

In order to apply SGD, need to compute

Vwt(W;x,y)

l.e., for each weight between any two connected units i and j on layer [ need
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Simple example v
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ANN with 1 output, 1 hidden and 1 input unit: f(x; W) = f(x; [w, w']) = we(w'x)
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Derivatives of activation functions

1

Sigmoid: qp(z) =

1+exp(—z)
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Derivatives of activation functions

Rectified Linear Unit {(ReLU): @(z) = max(z,0)
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Recall: Jacobians & multivariate chain rule

For a function f: R™ — R™ its Jacobian at x is given by

o o
dxy = 0%y af
= Jlx)= : =.‘j],~{_'x] =:_—‘iIIL
5_1.1 ana ﬂxn

Multivariate Taylor series: Given differentiable f, it holds that
flx) = flxg) +Jr(xp)(x — xp) + E‘(UI = Iu]l)

Multivariate chain rule: Given differentiable f: B™ — R™ and g: B™ — RP, it holds that

g ... dag of
290 @) =Jgop () = Jy(f0)); () =55



Examples
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Backpropagation

Consider neural network f{x; W) with weights W = [W) w2 | w)]

Want to compute gradient of loss £(W; x, ¥) w.r.t., weights W

T df af df
(Vww £) = YT
. gw)  af gwi
T af gf df azv
(?wf:.—zr.f] = YT T —
JW (L=1) f’f dz(L=1) AW (L-1)
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Key insight: Can reuse computations from forward propagation and from layer i+1 to compute W (&)



Backpropagation

1. For each unit j on the output layer

. (L)  &¢

. Compute error signal &}p e
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2. Foreach unit j on hidden layerl =L —1:-1:1
. Compute error signal
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Backpropagation illustration [ortord  pim
S asle P s




Autodifferentiation Example

Modern deep learning frameworks (eg, TensorFlow, PyTorch) allow to specify the computation graph
(neural network architecture), and then automatically calculate gradients!

model = torch.nn.Sequential/| # define ANN with 5 input, 3 hidden
torch.nn.Linear(5, 3). # units and ReLlU activations
torch.nn.RelLU(),
torch.nn.Linear(3,1),
torch.nn.Flatten(0, 1)
)
loss fn = torch.nn.MSELoss() # train with gradient descent on sguared loss
optimizer = torch.optim.SGD(model .parameters(), lr=le-3)
for t in range(1000):
¥ pred = model(x)
loss = loss fn(y pred, v)
optimizer.zero grad()
loss.backward()
optimizer.step()

forward pass

compute and print loss
initialize gradient

compute gradient wvia backprop
parameter update

# % %R %



What is Autodiff?

* We only need to implement the forward pass (i.e., chain of operations from input
to output)

* PyTorch automatically computes the derivatives for us = backward pass

dL dL dL dL

aw, db, aw, db,
H —L=0
+ Ui — — -
I parameters

I predictions




Why Autodiff?

* Neural network architectures can be quite complicated
-> Deriving the gradients by hand is tedious, error prone and computationally
less efficient than Autodiff
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How does Autodiff work?

1) Forward Pass:

* Construct computation graph (DAG)

* Store intermediate computed values at each node of the graph

def f(x, v):
c=xXx+y
d = c**2
return x * d

X = torch.tensor([3.0], requires grad=True)

y = torch.tensor([-1.0], requires_grad=True)
f val = £(x, y)



How does Autodiff work?

2) Backward Pass: f val.backward()

* Go back from the root (i.e. loss) to the leafs (i.e. parameters)

: | / root

/ MUL(x, d) —> f=x*d

leaves , R

|
\ ADD(x,y) —* C=X#y —— POW(c,2) —* d=cA2 ——




How does Autodiff work?

2) Backward Pass:
* Go back from the root (i.e. loss) to the leaves (i.e. parameters)
* Each elementary operation has a ‘backward function’ that computes its derivatives

* Apply chain rule along each path

df(g(x)) df dg

= - Make use of stored intermediate computation results from forward pass
dx dg dx

* Total derivative is sum of all path derivatives from the root to the leaf



Backward Pass

df afdddc df
dx adocox Tox - 160

3.0

[31] f_wval.backward()

print('df/dx:', x.grad)
print('df/dy:', y.grad)

df/dx: tensor([16.])
df/dy: tensor([12.])
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Other Resource:
https://towardsdatascience.com/understanding-backpropagation-algorithm-7bb3aa2f95fd

Review on Backpropagation

Video tutorials:
https://www.youtube.com/watch?v=I1lg3gGewQ5U
https:.//www.youtube.com/watch?v=tleHLnjs5U8
https://www.youtube.com/watch?v=i1940vYb6énoo



Thank Youl!



